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We prove an upper bound on the degree of a covering map for an elliptic
curve to the projective line, ramified over at most three points, with an
explicit construction for such a map. In the cases of j-invariant 0 and 1728,
the given bound is independent of the height of the coefficients. As minimal
degree Belyi maps are also of interest, we give lowest degree examples for
such maps.

In addition, we demonstrate an application of these maps to the abc
Conjecture, generating triples of integers which have small radical relative
to their height.

1. Introduction

Let E be an elliptic curve defined over the rationals. In this paper, we
bound the degree of a Belyi map, i.e., a map from E to the projective
line ramified over at most {0, 1,∞}. These bounds are given as a general
function of the j-invariant, but we make note of two special cases, when
the j-invariant is 0 and 1728. Such bounds are a first step towards finding
minimal degree Belyi maps for elliptic curves. For an elliptic curve defined
over a number field, see Khadjavi [8, §5.2]; however, the bounds there are
not optimized for curves defined over Q. More generally, Belyi maps arose
in work on the Inverse Galois Problem and are central to Grothendieck’s
program of dessins d’enfants [5]. Our bounds are as follows.

Theorem 1. Given an elliptic curve E defined over Q, with j-invariant j,
there exists a covering map β : E → P1 defined over Q ramified over at
most {0, 1,∞} such that

(a) if j=1728, then deg(β) ≤ 4
(b) if j = 0 then deg(β) ≤ 6
(c) and otherwise deg(β) ≤ 24H(j/1728), where H denotes the naive

height on Q.

In section 2, we prove this theorem by explicitly constructing covering
maps. As minimal degree Belyi maps are of interest, in section 3 we give
low degree examples, noting that such maps are of degree at least 3.

Section 4 presents an application related to the abc Conjecture. In par-
ticular, unramified coverings of P1 \ {0, 1,∞} play a key role in Elkies’
proof that the abc conjecture implies Faltings’ Theorem [4]. While Faltings’
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Theorem concerns curves of genus greater than one, Elkies also notes an
application of his results to genus one curves. Via such covering maps, el-
liptic curves are a source of “abc triples.” We give examples which illustrate
this application using the maps constructed in section 2. In fact, any abc
triple can be obtained in this way, via a rational point on an elliptic curve
and an appropriate Belyi map. See [9] for more on this. In [6], Granville
and Tucker discuss other implications of the abc Conjecture and note the
connection to Belyi maps. For further applications of unramified cover-
ings of P1 \ {0, 1,∞}, in relation to proper solutions of generalized Fermat
equations, see the work of Darmon and Granville in [3].

2. Belyi maps for elliptic curves

In general, given an elliptic curve E defined over a number field K, there
exists a map to the projective line ramified over at most three points. Indeed
in [1] Belyi proved that any nonsingular projective curve defined over Q must
have such a map. Hence we define a Belyi map to be a finite morphism from
a curve to P1 ramified over at most {0, 1,∞}.

Any elliptic curve defined over the rationals, Q, has a Weierstrass model
E : y2 = x3 + Ax + B where A and B are integers. To prove Theorem 1, it
suffices to prove the following.

Theorem 1a. Given an elliptic curve with model E : y2 = x3 + Ax + B,
then there exists a covering map β : E → P1 defined over Q ramified over
at most {0, 1,∞} such that

(a) if B = 0 then deg(β) ≤ 4
(b) if A = 0 then deg(β) ≤ 6
(c) and otherwise deg(β) ≤ k(|A|3 + |B|2), where k is a constant inde-

pendent of E.

Proof of Theorem 1a.

Let π : E → P1 be the projection map in the x coordinate, which is a
degree two map ramified over ∞ and the zeros of f1(x) = x3 + Ax + B. We
first assume AB 6= 0. To stack the ramification over the set {0, 1,∞}, we
essentially compose a series of maps following Belyi’s construction in [1].
(See [7], [8], [12], among others, for discussions of this construction.) The
final form of the map will be β = f3◦s◦f2◦f1◦π, where s is a linear scaling
map and the fi are defined as follows. Let S1 = {zeros of f1}. The critical
values of f1 are given by the image under f1 of the zeros of f ′

1(x) = 3x2 +A.
If α1 and α2 denote these critical values, then we set S2 = {0, α1, α2}. In
general, let Si+1 = fi(Si) ∪ {critical values of fi}. Hence f1 ◦ π is ramified
over S2 ∪ {∞}.

Let f2(x) = (x− α1)(x− α2), i.e.,

f2(x) = x2 − 2Bx + (
4A3

27
+ B2).
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Finding the critical values of f2, we obtain f2(B) = 4A3

27
. Thus

S3 = f2(S2) ∪ {
4A3

27
},

= {0, 4A3

27
+ B2,

4A3

27
}.

So, f2 ◦ f1 ◦ π is a degree 12 map, ramified over S3 ∪ {∞}. Note also that
since A and B are integers, all of the finite ramification values are rational.

We now construct three different possible rational functions to send the
ramification to {0, 1,∞}. First, given S = {0, r1, r2,∞} with r1, r2 ∈ Q,
consider

f(x) = (1− x

r1

)t1(1− x

r2

)t2 ,

where t1 and t2 are integers such that t1r2 + t2r1 = 0. Then we have f(S) ⊂
{0, 1,∞}, and the constraint on t1, t2 ensures that no new ramification is
introduced. Hence in our example, after scaling the set by s(x) = 27x, we
may take t1 = −4A3 and t2 = 4A3 + 27B2. With these values of t1 and t2,
call the rational map thus obtained f3(x). Its degree is a function of 4A3

and 27B2. Then β = f3 ◦ s ◦ f2 ◦ f1 ◦ π is a Belyi map for E of degree at
most 12 deg(f3).

Alternatively, following an idea of Belyi’s, one could apply a linear scal-
ing map to send S3 to the set {0, 1, 4A3

4A3+27B2}, and from here let f3(x) =

c(x4A3
(1 − x)27B2

), with the constant c chosen so that the ramification is

only over {0, 1,∞}. Similarly, rescaling the set S3 to {0, 1, 4A3+27B2

4A3 }, let

f3(x) = c(x4A3+27B2
(1− x)−27B2

).

Given these three constructions, if d is the maximum of

{|4A3|, |27B2|, |4A3 + 27B2|}
we can always obtain a Belyi map β such that deg(β) ≤ 12d. This proves
the third case of the theorem.

For the theorem of the introduction, note that if the height, H, of a
rational number is H(p/q) = max{|p|, |q|}, then given the j-invariant of E,
we have H(j/1728) = max{|4A3|, |4A3 + 27B2|}. Hence we may view the
bound above on the degree as a function of the j-invariant. In particular,
we have

deg(β) ≤ 24H(j/1728).

For the case of j-invariant 1728, that is, for the curve y2 = x3 + Ax,
projecting yields ramification points {0,

√
−A,−

√
−A,∞}. Take f = −x2

A
.

One can check that β = f ◦ π is a degree four Belyi map. That the degree
cannot be smaller than three is proved in the next section. Similarly, for
j-invariant 0, that is y2 = x3 +B, take f = −x3

B
. Then β = f ◦π is a degree

six Belyi map. This completes the proof of the theorem.
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3. Low degree examples

In general, one may ask if different constructions would lead to lower
degree Belyi maps, and if so, how one would compute a minimal degree
Belyi map for an elliptic curve. These remain open problems and motivate
the following section, on low degree Belyi maps.

First, note that it is easy to show that the degree of the map β must be
at least 3:

Lemma. Suppose C is a non-singular genus 1 curve and φ : C → P1 is a
Belyi map with C and φ defined over Q. Then deg(φ) ≥ 3.

Proof of Lemma.

Let n be the degree of φ and S its set of ramification points. Let e(P )
denote the ramification index of a point P on C. Since C is of genus 1, by
the Riemann-Hurwitz formula we have

2n =
∑
Q∈S

( ∑
P∈φ−1(Q)

e(P )− 1
)

= n|S| − |φ−1(S)|.
Thus (|S| − 2)n = |φ−1(S)|. Then we must have |S| ≥ 3, but for a Belyi
map, |S| ≤ 3, and hence n = |φ−1(S)| ≥ 3. From the Riemann Existence
Theorem there must exist a degree 3 Belyi map which by the formula is
necessarily of signature (3, 3, 3), that is, ramified over exactly {0, 1,∞} with
e = 3 at each point. However, it need not be defined over the rationals.

We give a short library of low degree examples, with maps defined over
Q.

Degree 3. Consider a curve of j-invariant 0 of the form ED : y2 = x3+D2,
for some rational D 6= 0. Without loss of generality, take D ∈ N. It is clear
from the graph of this curve that it has inflection points at the affine points
(0, d) and (0,−d), as well as ∞. Indeed the torsion subgroup is isomorphic
to Z/3Z, consisting of these three points. This gives the idea of projecting
to the y-axis.

Let

β(x, y) =
y + D

2D
.

One readily checks that this is a degree three map ramified triply over
{0, 1,∞}.

Degree 4. As noted in the proof of the theorem, for a curve E : y2 =
x3 + Ax, take

β(x, y) = −x2

A
.
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Degree 5. Consider the curve E : y2 = x3 − 120x + 740, of j-invariant
−213·5

33 . Then the map

β(x, y) =
y(x + 5) + 162

324
is ramified with the points (−11, 27) of multiplicity 2, and (4,−18) of mul-
tiplicity 3, lying over 0 and the points (−11,−27) of multiplicity 2, and
(4, 18) of multiplicity 3, lying over 1. By Riemann-Hurwitz, there is no
other ramification possible besides that over ∞; hence, this is a Belyi map.

Degree 6. Also as noted above, for E : y2 = x3 + B, take

β(x, y) = −x3

B
.

We use this map below, in an application to the abc Conjecture.

4. abc Triples

Given relatively prime integers a, b, and c, satisfying a+ b = c, define the
height H as

H(a, b, c) = max(|a|, |b|, |c|)
and the radical

N(a, b, c) =
∏
p|abc

p

where the product is taken without multiplicity. The abc Conjecture says
that

N > kεH
1−ε

where the constant depends on ε but is independent of a, b, and c.

Equivalently, the conjecture states that as one ranges over such triples a,
b, c, then the ratio log(H)/ log(N) is bounded, with limsup 1. In light of
this, one may consider examples with log(H)/ log(N) > 1 to be of partic-
ular interest as “near-misses” for the abc Conjecture. Hence the quantity
log(H)/ log(N) is called the quality of an abc triple. Specific cases with large
quality, that is, greater than 1.4, are tabulated by Nitaj and accessible via
the web [10]. Such examples were found by a number of people, in a variety
of ways, including applications of continued fractions to solutions of a cer-
tain generalized Fermat equation in [11] and searches up to a given height.
One can also formulate the abc Conjecture over number fields, with an ex-
tension of the definition of height and radical. In that case one takes the
discriminant of the number field into account as well; see [2] for examples.

Here our goal is not to find single triples with exceptionally large values
of ratio log(H)/ log(N), but rather to generate many examples at once with
quality greater than 1. For this application of Belyi maps, we apply a result
of Elkies in [4]. Given a Belyi map β : E → P1 and P ∈ E(Q) such
that β(P ) 6= 0, 1,∞, one can associate P with a triple as follows. Let
β(P ) = −a/b, with the fraction written in lowest terms, and take c = a+ b.
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Similarly, one can consider the triples associated with β(2P ), β(3P ), etc.
Then Elkies proves that for every ε > 0, the associated quality q is greater
than 1 − ε almost always. Taking P of infinite order thus generates a
sequence, rather than isolated examples, of triples where one may expect
near-misses. Moreover, any abc triple can be obtained via an elliptic curve
and Belyi map; see [9] for a proof.

Tom Womack [14] has calculated the rank and generators of the Mordell-
Weil group of the curves

y2 = x3 + D

with |D| < 106. (In a small number of cases only upper and lower bounds
for the rank are known.) Using his data we applied the Belyi map β(x, y) =
−x3/D to all small linear combinations of generators on all of these curves.
Computations were performed using Pari-GP for factoring and elliptic curve
arithmetic. A typical example is given below. Note however that on this
curve there is non-trivial torsion, which happens only when D is a square
or a cube; see[13], p.323.

On the curve y2 = x3 + 9, with Belyi map −x3/9, point P = [6, 15],
and torsion point T = [0, 3], we obtain the following abc triples by taking
multiples up to 7P . As the last column of the table is often greater than
1, we have found a number of abc “near-misses”. In particular, the Catalan
equation arises from this curve: from the point P +T one obtains 1+23 = 32.
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Point a b c q

1P + 0T 1 23 · 3 52 0.94639
1P + 1T 1 23 32 1.22629
1P + 2T 1 3 22 0.77371

2P + 0T 29 · 3 56 1312 1.17810
2P + 1T 3 · 53 612 212 1.10725
2P + 2T 32 29 · 53 112 · 232 1.23864

3P + 0T 173 · 373 22 · 52 · 22872 38 · 76 1.04804
3P + 1T 23 · 34 · 73 · 173 376 1972 · 3072 1.03908
3P + 2T 176 23 · 34 · 73 · 373 1062192 1.06396

4P + 0T 1912 · 9625432 212 · 3 · 113 · 233 · 613 56 · 1316 1.05298
4P + 1T 32 · 116 · 236 212 · 53 · 613 · 1313 5134399192 1.05624

4P + 2T 218 · 616 3 · 53 · 113 · 233 · 1313 1672 · 1932 · 51132 1.02713
5P + 0T 23 · 3 · 630097813 263096 54 · 7349696293212 1.03777
5P + 1T 34496 3 · 4806391213 22 · 2712 · 336737213092 1.02175

5P + 2T 23 · 907397413 292 · 6251059712392 32 · 182696 1.01023
6P + 0T 212 · 38 · 56 · 76 ·

22876
173 · 373 · 1973 · 3073 ·
1062193

112 · 232 · 612 · 1312 ·
42273318887292

1.01730

6P + 1T 176 · 1062196 29 · 34 · 53 · 73 · 373 ·
1973 · 3073 · 22873

165225625957660360672 1.02480

6P + 2T p2
1 29 · 34 · 53 · 73 · 173 ·

2429228533
376 · 1976 · 3076 1.05700

7P + 0T 136 · 196 · 2300776 23 · 3 · 673 · 833 · 1273 ·
4613 · 3651845833

52 · 412 · p2
2 1.01339

7P + 1T 23 · 133 · 193 ·
673 · 833 ·
152681397973

32 · 1276 · 4616 · 55036 p2
3 1.00766

7P + 2T 3 · 133 · 193 ·
1273 · 4613 ·
12661137313

22 · 732 · 1032 · 5472 ·
60873905010749239072

676 · 836 · 663616 1.00776

Here p1 = 570425620387684067, p2 = 979731124721870507070757 and p3 =
100697737447433265898973381. The best quality triple found searching
over the 2 million curves with |D| < 106 was with E given by y2 = x3+14904,
P = (18, 144). Then 2P = (−1575

64
, −99

512
) giving a = 112, b = 32 · 56 · 73,

c = 221 · 23, and q = 1.62599. This is the second best abc triple in the table
of [10]. However no new abc triples of q > 1.4 were discovered during the
search.
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